[07-09-16-T10]

The final word on absolute value summary with proofs

Three useful theorems

The following hold true for any meaningful expressions A and B.

B Thm 1. | A| = B= A = £ B, providing B is not negative
B Thm 2. | A| < B= -B < A < B, providing B is not negative.
B Thm3. |A| 2B=>A<-Bor A=B

Examples

W Illustrating use of Thm 1
[EX1] |x|=3

[EX2] [3x+7|=2x+8
[EX3] [3x+7|=2x-8

[EX4] |3x+7|=2x+ 2

m [llustrating use of Thm 2
[EX1] | x| <3

[EX2] |3x] <-8

[EX3] |3x+7] <2x+8

[EX4] |3x+7] <2x-8

W Illustrating use of Thm 3

[EX4] |3x+5] > 4

[EX5] |3x+5]| > —4
Proofs

The following hold true for any meaningful expressions A and B.

B |A| = B= A = %B, providing B is not negative
B |A| < B=-B< A< B, providing B is not negative
m|A| >B=>A<-Bor A>B
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Three useful theorems

The following hold true for any meaningful expressions A and B.

B Thm 1. | A| = B= A = £ B, providing B is not negative

| A| = B says 4 is exactly B units from zero.

B Thm 2. | A| < B= —-B < A < B, providing B is not negative.

| A| < B says A4 1s within B units of zero.

B Thm3. |A| 2B=>A<-Bor A=B

| A| > B says 4 is farther than B units from zero.
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Examples

W Illustrating use of Thm 1
[EX1] |x|=3

Since 3 = 0, Theorem 1 may be used.

~xe{-3, 3}

[EX2] |3x+7|=2x+8
Require 2x + 8 = 0. Then x = —4.

Casel: 3x+7=2x+8=x=1
OR

Case2: 3x+7=-2x+8)=x=-3

A solution must also satisfy the condition x = —4. Both 1 and —3 meet this condition, so neither is
eliminated.

x={1, =-3}.

[EX3] |3x+7|=2x-8
Require 2x —8 = 0. Then x = 4.
Casel: 3x+7=2x-8=x=-15
OR
1

Case2: 3x+7=-2x-8)=x=<

A solution must also satisfy the condition x = 4. Neither —15 nor %meet this condition, so each is

eliminated.

nxe.
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[EX4] |3x+7|=2x+

Require 2 x + % > 0. Then x = _77

Case l: 3x+7=2x+ 13—4=>x:_77

OR

Case2: 3x+7=—-Qx+ 4 )=x= ="

The condition x = _77 is satisfied, so
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W Illustrating use of Thm 2

[EX1] | x| <3
Solution
-3<x<3
wxe(-3,3)

[EX2] |3x] < -8
By definition, the absolute value of a number must be nonnegative, this inequality has no solution.

nxe.

[EX3] |3x+7] <2x+8
Solution
Require that 2x + 8 = 0. Then —4 < x.
-2x+8)<3x+7<2x+8
Ineq 1:

-2x+8)<3x+7
=x>-3

-4=<=xAN-3<x
x€ (-3, 00+)

AND

Ineq 2:

3x+7<2x+8
=x<1

—-4d=xANx<l
xel[-4,1)

xe[-4, 1) (=3, 0 +)
xe=3,1
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[EX4] |3x+7] <2x-8
Solution
Require that 2x — 8 = 0. Then 4 < x.
—2x-8)<3x+7<2x-8

Ineq 1:

—-2x-8)<3x+7

=>x>%

4sx/\%<x

x €[4, co+)

AND

Ineq 2:

3x+7<2x-8
=x<-15

4=<xNx<-15
xe®

xel4, 0o+
xe®
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W Illustrating use of Thm 3

[EXI] |13x+5]| >4
Solution
3x+5<-4V3x+5>4

Ineq 1:

3x+5<-4
—=x< -3

x€ (-0, =3)

OR
Ineq 2:
3x+5>4
=>x>—%
Xe(-1, c0+)

3 >

" X € (=00, -3)U(-%, 0o +)
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[EX2] [3x+5] > —4
Solution

3x+5<4V3x+5>-4

Ineq 1:
3x+5<4
=>x<—%

x & (—00, — 1)

OR

Ineq 2:

3x+5>-4
=x> -3

xe€ (-3, 00+)

x € (=00, —T)U (=3, 00 +)

L xeR

Note: We should have known this solution by inspecting | 3x + 5| > —4. The absolute value of every
number is greater than any negative number.
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Proofs

The following hold true for any meaningful expressions A and B.

B |A| = B= A = xB, providing B is not negative
Proof.

Case: 4 =0.

| A

1
b

| A

I
W

. A=B
Case: 4 < 0.

|A| =-4
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B |A| < B=-B< A< B, providing B is not negative

This says A4 is within B units of zero.
Proof.

Case1: 4=0.
|A| =A
| A|] <B
A< Band 4 =0;thatis, 4 € [0, B).
Case2: 4<0.
|A| =-A
-A< B
.. —B<Aand A <0;thatis, A € (—B, 0).
Case 1 and case 2 exhaust all cases,
L (-B<AMNA<O0)or(A<BANA=0);thatis,ae (=B, 0) U0, B)
Equivalently,

.. —B< A< B;thatis, A € (-B, B)

|
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m|A| >B=A<-Bor A>B

This says A is farther than B units from zero.

Proof.
Casel: B=0
Case1: A =0.
A=A
| A| > B
A>B

L 0=B<AANA=0;thatis, 4 € (B, oo +).

Case2: A <0.
| 4] =-A
| A| > B
-A>B

L A<-B=0ANA<0;thatis, A € (-0, —B).
A4 € (=00, =B)U (B, o0 +)
Casell: B<O0

Case 1: 4 =0.
| Al =A
| A| > B

A>B
. B<OANA>BANA=0=A4=0;thatis, 4 €0, co +).

Case2: 4 <0.
| Al = -A
| A| > B

-A>B
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L A<-BANO<-B ANA<O0;thatis, 4 € (—o0, 0).
A€e(—o0, O)J[O0, 0o +)e=4 R
So, A€ (—o00, -B)U (B, 0o +) UR

S A€ (=00, —B) U (B, 0o +); thatis, A <-BV A4 > B.

|

07-09-14-T10 Absolute value Summary and proofs.nb (RT) Pagell



